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ABSTRACT 

This work considers the finding of an upper bound of maximum values of an objective function for an interval 

mixed-Boolean knapsack problem. For this purpose, some majorizing function with one variable is constructed. It 

is shown, that this function is piecewise linear, continuous, non-differentiable, and convex. Therefore, it has a 

unique minimum. Thus, to minimize this function, a descent algorithm has been developed. It is proved that the 

minimum values of an objective function of the interval mixed-Boolean problem coincide with maximum values 

of continuous problem . 

АННОТАЦИЯ 

В работе рассматривается нахождение верхней границы максимального значения целевой функции 

для интервальной частично-Булевой задачи о ранце. С этой целью построена некоторая мажорирующая 

функция с одной переменной. Показано, что эта функция кусочно-линейная, непрерывная, 

недифференцируемая и выпуклая. Следовательно, имеет единственный минимум. Поэтому разработан 

алгоритм спуска для минимизации этой функции. Доказано, что минимальные значения целевой функции 

интервальной частично-Булевой задачи о ранце совпадают с максимальными значениями непрерывной 

задачи. 

Keywords: an interval mixed-Boolean knapsack problem, an upper bound, a majorizing function, a 

minimization algorithm. 
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Introduction. The following interval mixed-

Boolean knapsack problem is considered:  

 

∑ [𝑛
𝑗=1 𝑐𝑗 , 𝑐𝑗]𝑥𝑗 + ∑ [𝑁

𝑗=𝑛+1 𝑐𝑗 , 𝑐𝑗]𝑥𝑗 → 𝑚𝑎𝑥  (1) 

∑ [𝑛
𝑗=1 𝑎𝑗, 𝑎𝑗]𝑥𝑗 + ∑ [𝑁

𝑗=𝑛+1 𝑎𝑗, 𝑎𝑗]𝑥𝑗 ≤ [𝑏, 𝑏], (2) 

0 ≤ 𝑥𝑗 ≤ 1, (𝑗 = 1, 𝑁),  (3) 

𝑥𝑗=0 ∨ 1, (𝑗 = 1, 𝑛), (𝑛 ≤ 𝑁).  (4) 

 

Here 0 < 𝑐𝑗 ≤ 𝑐𝑗 , 0 ≤ 𝑎𝑗 ≤ 𝑎𝑗 , (𝑗 = 1, 𝑁),0 < 𝑏 ≤ 𝑏 are given integers. 

 

In other words, these problems are particular cases 

of (1)-(4). 

Note that problem (1) - (4) is more general than 

the problems such as knapsack problem, the interval 

knapsack problem, the linear programming problem 

with one constraint, and the interval linear 

programming problem with one constraint. 

It should be noted that in [1-10] Boolean 

programming problems with exact or inexact data were 

investigated. In these papers, the problems of mixed-

Boolean programming, with the exception of [4, 6] 

were not considered. In the above works algorithms of 

approximate solutions, based on various concepts were 

developed. And to assess the deviation of approximate 

solutions from the optimal, the considered problem is 

solved without the condition of integer variables, i.e. as 

a linear programming problem. As a result, we obtain 

the upper bound of the optimal value and thereby 

evaluate the proximity of the approximate solution to 

the optimal one. Obviously, since these problems are 

included in the class of NP – complete, i.e. intractable, 

such an approach for assessing deviations can lead to 

certain difficulties associated with computer time, 

finding the coordinates of solutions that should not be 

found to assess proximity, or an amount of information. 

In this paper we consider the problem of finding the 

upper bound of the maximum value of the objective 

function for the interval mixed-Boolean knapsack 

problem. For this purpose, some majorizing function is 

constructed and an algorithm for minimizing this 

function has been developed. 

Problem statement. 

First of all, we note that problem (1) - (4) is 

included in the class of NP- 

complete. Therefore, in order to find an optimal 

solution to a high-dimensional problem is almost 

impossible. Therefore, some algorithms have been 
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developed for the approximate solution of such or more 

general problems [4, 6, 13]. 

Suppose that approximate solutions of the 

problem (1) - (4) were found by some method and the 

lower bound 𝑓 of the optimal value 𝑓∗ was determined. 

Since determining the value of 𝑓∗ is practically 

impossible, then to investigate the proximity of 𝑓 to 𝑓∗, 

it is necessary to know the upper bound of the optimal 

value 𝑓∗. 

Note that to determine the upper bound 𝑓, one can 

solve the interval linear programming problem, i.e. not 

taking into account condition (4), (see [9.10]). 

However, this approach of determining the upper 

bound 𝑓 would be inappropriate, as it is necessary to 

determine the solutions 𝑋 = (𝑥1, 𝑥2, . . . , 𝑥𝑁) and the 

value 𝑓 of the function (1) for this solution. Obviously, 

to assess the proximity of 𝑓 and 𝑓, we do not need the 

solution 𝑋 = (𝑥1, 𝑥2, . . . , 𝑥𝑁) which to find is the main 

problem of [10-12]. Therefore, in this paper, the 

purpose is to develop a high-speed algorithm for 

finding only the upper bound 𝑓. 

3. Theoretical justification of the method. 

Let 𝑓∗ is a value of the function (1) for an arbitrary 

admissible solution 𝑋 = (𝑥1, 𝑥2, . . . , 𝑥𝑁) including 

optimal solution, i.e.  

 

 

∑ [𝑛
𝑗=1 𝑐𝑗 , 𝑐𝑗]𝑥𝑗 + ∑ [𝑁

𝑗=𝑛+1 𝑐𝑗 , 𝑐𝑗]𝑥𝑗 = 𝑓∗

(5) 

 

We multiply both sides of relation (5) by (-1) and 

constraints (2) by some parameter 𝜆 ≥ 0, respectively, 

and add it in parts: 

 

(∑[

𝑛

𝑗=1

𝑎𝑗 , 𝑎𝑗]𝑥𝑗 + ∑ [

𝑁

𝑗=𝑛+1

𝑎𝑗 , 𝑎𝑗]𝑥𝑗) ⋅ 𝜆 − ∑[

𝑛

𝑗=1

𝑐𝑗 , 𝑐𝑗]𝑥𝑗 − ∑ [

𝑁

𝑗=𝑛+1

𝑐𝑗 , 𝑐𝑗]𝑥𝑗 ≤ [𝑏, 𝑏] ⋅ 𝜆 − 𝑓∗ . 

 

From here we obtain 

 

𝑓∗ ≤ ∑[

𝑛

𝑗=1

𝑐𝑗 , 𝑐𝑗]𝑥𝑗 + ∑ [

𝑁

𝑗=𝑛+1

𝑐𝑗 , 𝑐𝑗]𝑥𝑗 − (∑[

𝑛

𝑗=1

𝑎𝑗 , 𝑎𝑗]𝑥𝑗 + ∑ [

𝑁

𝑗=𝑛+1

𝑎𝑗 , 𝑎𝑗]𝑥𝑗) ⋅ 𝜆 + [𝑏, 𝑏] ⋅ 𝜆 . 

After some transformations we get: 

 

𝑓∗ ≤ [𝑏, 𝑏] ⋅ 𝜆 + ∑[

𝑛

𝑗=1

𝑐𝑗 , 𝑐𝑗]𝑥𝑗 − 𝜆 ⋅ ∑[

𝑛

𝑗=1

𝑎𝑗 , 𝑎𝑗]𝑥𝑗 + ∑ [

𝑁

𝑗=𝑛+1

𝑐𝑗 , 𝑐𝑗]𝑥𝑗 − 𝜆 ⋅ ∑ [

𝑁

𝑗=𝑛+1

𝑎𝑗 , 𝑎𝑗]𝑥𝑗=  

= [𝑏, 𝑏] ⋅ 𝜆 + ∑([𝑐𝑗 , 𝑐𝑗] − 𝜆 ⋅ [𝑎𝑗 , 𝑎𝑗])

𝑛

𝑗=1

𝑥𝑗 + ∑ ([𝑐𝑗 , 𝑐𝑗] − 𝜆 ⋅ [𝑎𝑗, 𝑎𝑗])𝑥𝑗

𝑁

𝑗=𝑛+1

. 

Thus,  

 

 

𝑓∗ ≤ [𝑏, 𝑏] ⋅ 𝜆 + ∑ ([𝑐𝑗 , 𝑐𝑗] − 𝜆 ⋅ [𝑎𝑗 , 𝑎𝑗])𝑛
𝑗=1 𝑥𝑗 + ∑ ([𝑐𝑗 , 𝑐𝑗] − 𝜆 ⋅ [𝑎𝑗 , 𝑎𝑗])𝑥𝑗

𝑁
𝑗=𝑛+1 .

 

(6)

 

 

 

Obviously, for fixed 𝜆 ≥ 0, the right-hand sides of (6) are a linear function. Assuming 𝑥𝑗 = 1 for positive 

coefficients, and 𝑥𝑗 = 0 for negative coefficients, we obtain the maximum value of the right-hand side of relation 

(6). 

Then  

𝑓∗ ≤ [𝑏, 𝑏] ⋅ 𝜆 + ∑ ([𝑐𝑗 , 𝑐𝑗]

𝑗∈𝜔1

− 𝜆 ⋅ [𝑎𝑗 , 𝑎𝑗]) + ∑ ([𝑐𝑗 , 𝑐𝑗]

𝑗∈𝜔2

− 𝜆 ⋅ [𝑎𝑗, 𝑎𝑗]), 

or 

𝑓∗ ≤ ∑ [𝑐𝑗 , 𝑐𝑗] +

𝑗∈𝜔1

∑ [𝑐𝑗 , 𝑐𝑗]

𝑗∈𝜔2

+ ([𝑏, 𝑏] − ∑ [𝑎𝑗 , 𝑎𝑗] − ∑ [𝑎𝑗, 𝑎𝑗]

𝑗∈𝜔2𝑗∈𝜔1

) ⋅ 𝜆 =𝐿(𝜆) 

 

Here sets 𝜔1 and 𝜔2 are defined by the following formulas: 

 

 𝜔1 = {1 ≤ 𝑗 ≤ 𝑛| [𝑐𝑗 , 𝑐𝑗] − [𝑎𝑗 , 𝑎𝑗] ⋅ 𝜆 > 0},  (7) 

 𝜔2 = {𝑛 + 1 ≤ 𝑗 ≤ 𝑁| [𝑐𝑗 , 𝑐𝑗] − [𝑎𝑗 , 𝑎𝑗] ⋅ 𝜆 > 0}.  (8) 
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Since this relation is true for any 𝜆 ≥ 0, then this will also be true for the minimizing parameter 𝜆 ≥ 0. 
Thus, 

 𝑓∗ ≤ 𝑚𝑖𝑛
𝜆≥0

𝐿(𝜆).  (9) 

This shows that to minimize the function 𝐿(𝜆), it is necessary to consider this function in two versions, which 

corresponds to the optimistic and pessimistic problem [see 4]. Then, 

 

𝑓∗
𝑜𝑝 ≤ 𝑚𝑖𝑛

𝜆≥0
𝐿𝑜𝑝(𝜆), 

where 

 

𝐿𝑜𝑝(𝜆) = ∑ 𝑐𝑗𝑗∈𝜔1
𝑜𝑝 + ∑ 𝑐𝑗𝑗∈𝜔2

𝑜𝑝 + (𝑏 − ∑ 𝑎𝑗 − ∑ 𝑎𝑗𝑗∈𝜔2
𝑜𝑝

𝑗∈𝜔1
𝑜𝑝 ) ⋅ 𝜆.  (10) 

Here 𝑏 ∈ [𝑏, 𝑏] is fixed and  

 

𝜔1
𝑜𝑝

= {1 ≤ 𝑗 ≤ 𝑛 |𝑐𝑗 − 𝑎𝑗𝜆 > 0}, 

𝜔2
𝑜𝑝

= {𝑛 + 1 ≤ 𝑗 ≤ 𝑁 |𝑐𝑗 − 𝑎𝑗𝜆 > 0}.  (11) 

Similarly, can be written  

𝑓∗
𝑝𝑒𝑠 ≤ 𝑚𝑖𝑛

𝜆≥0
𝐿𝑝𝑒𝑠(𝜆),

 

 

where

 

 

 

𝐿𝑝𝑒𝑠(𝜆) = ∑ 𝑐𝑗 + ∑ 𝑐𝑗𝑗∈𝜔2
𝑝𝑒𝑠

𝑗∈𝜔1
𝑝𝑒𝑠 + (𝑏 − ∑ 𝑎𝑗 − ∑ 𝑎𝑗𝑗∈𝜔2

𝑝𝑒𝑠
𝑗∈𝜔1

𝑝𝑒𝑠 ) ⋅ 𝜆.

 (12)

 

Here 𝑏 ∈ [𝑏, 𝑏] is fixed as well, and 

 

𝜔1
𝑝𝑒𝑠

= {1 ≤ 𝑗 ≤ 𝑛 |𝑐𝑗 − 𝑎𝑗𝜆}, 

𝜔2
𝑝𝑒𝑠

= {𝑛 + 1 ≤ 𝑗 ≤ 𝑁 |𝑐𝑗 − 𝑎𝑗𝜆}.  (13) 

 

Moreover, 𝑓∗
𝑜𝑝

 and 𝑓∗
𝑝𝑒𝑠

 mean optimistic and pessimistic values of the objective function [4]. 

Thus, the following theorem 1 is proved: 

Theorem1. The following inequalities are valid: 

 

𝑓∗
𝑜𝑝 ≤ 𝑚𝑖𝑛

𝜆≥0
𝐿𝑜𝑝(𝜆), 

and  

𝑓∗
𝑝𝑒𝑠 ≤ 𝑚𝑖𝑛

𝜆≥0
𝐿𝑝𝑒𝑠(𝜆). 

 

First of all, it should be noted that the functions 

𝐿𝑜𝑝(𝜆) and 𝐿𝑝𝑒𝑠(𝜆) are continuous, since the variable 

𝜆 ≥ 0 varies continuously. On the other hand, these 

functions are piecewise linear, because they depend on 

the sets 𝜔1
𝑜𝑝

, 𝜔2
𝑜𝑝

, 𝜔1
𝑝𝑒𝑠

and 𝜔2
𝑝𝑒𝑠

, which, by changing 

these sets, the direction of the lines change. Therefore, 

they are non-differentiable. Thus, the following 

Theorem 2 is proved. 

Theorem 2. The functions 𝐿𝑜𝑝(𝜆) and 𝐿𝑝𝑒𝑠(𝜆) are 

continuous, piecewise linear, non-differentiable and 

convex.  

Note that we skip over the proof of the convexity 

of these functions, since they take up a large place. 

From this theorem it follows that the functions 

𝐿𝑜𝑝(𝜆) and 𝐿𝑝𝑒𝑠(𝜆) have unique minima, respectively. 

As these functions are non-differentiable, then the 

gradient methods for minimizing are not applicable. 

Therefore, in this paper, we have developed an 

algorithm for minimizing functions 𝐿𝑜𝑝(𝜆) and 𝐿𝑝𝑒𝑠(𝜆) 

by coordinate-wise descent. To submit the algorithm 

for minimizing the function 𝐿𝑜𝑝(𝜆) we write this 

function in the following form: 

 

𝐿𝑜𝑝(𝜆) = 𝐶(𝜔1
𝑜𝑝

) + 𝐶(𝜔2
𝑜𝑝

) + (𝑏 − 𝐴(𝜔1
𝑜𝑝

)

− 𝐴(𝜔2
𝑜𝑝

)) ⋅ 𝜆. 

Here 

𝐶(𝜔1
𝑜𝑝

) = ∑ 𝑐𝑗𝑗∈𝜔1
𝑜𝑝 ,

 

𝐶(𝜔2
𝑜𝑝

) = ∑ 𝑐𝑗𝑗∈𝜔2
𝑜𝑝 ,

 𝐴(𝜔1
𝑜𝑝

) = ∑ 𝑎𝑗𝑗∈𝜔1
𝑜𝑝 ,

 

𝐴(𝜔2
𝑜𝑝

) = ∑ 𝑎𝑗𝑗∈𝜔2
𝑜𝑝 , 𝑏 ∈ [𝑏, 𝑏]

 
and is fixed. 

At the beginning of the minimization process we 

accept 𝜆 = 0. Then 1 {1,2,..., },op n = 𝜔2
𝑜𝑝

=

{𝑛 + 1, 𝑛 + 2, . . . , 𝑁}.
 
In doing so, the inequality (𝑏 −

𝐴(𝜔1
𝑜𝑝

) − 𝐴(𝜔2
𝑜𝑝

)) ≤ 0 is true. To find a positive 

value for 𝜆, it is necessary to take into account the 

structure of the sets 𝜔1
𝑜𝑝

 and 𝜔2
𝑜𝑝

, i.e. for an optimistic 

problem 𝑐𝑗 − 𝑎𝑗 ⋅ 𝜆 > 0, (𝑗 = 1, 𝑛), 𝑐𝑗 − 𝑎𝑗 ⋅ 𝜆 >

0, (𝑗 = 𝑛 + 1, 𝑁). 

From here 𝜆 < 𝑐𝑗/𝑎𝑗, (𝑗 = 1, 𝑁). Then, it is clear, 

that it should be taken  

 

 𝜆 = 𝑚𝑖𝑛
𝑗∈𝜔1

𝑜𝑝
∪𝜔2

𝑜𝑝
{

𝑐𝑗

𝑎𝑗
} =

𝑐𝑗∗

𝑎𝑗∗

. (14) 

Here, one should to take into account to which sets 

does𝑗∗ belong. Therefore, we consider two cases: 

If 𝑗∗ ∈ 𝜔1
𝑜𝑝

, then we accept 𝜔1
𝑜𝑝

: = 𝜔1
𝑜𝑝

\{𝑗∗}. 

𝐶(𝜔1
𝑜𝑝

) = 𝐶(𝜔1
𝑜𝑝

) − 𝑐𝑗∗
, 𝐴(𝜔1

𝑜𝑝
) = 𝐴(𝜔1

𝑜𝑝
) + 𝑎𝑗∗

. 

If 𝑗∗ ∈ 𝜔2
𝑜𝑝

, then we accept 𝜔2
𝑜𝑝

: = 𝜔2
𝑜𝑝

\{𝑗∗}. 

𝐶(𝜔2
𝑜𝑝

) = 𝐶(𝜔2
𝑜𝑝

) − 𝑐𝑗∗
, 𝐴(𝜔2

𝑜𝑝
) = 𝐴(𝜔2

𝑜𝑝
) + 𝑎𝑗∗

. 
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Therefore, the function 𝐿𝑜𝑝(𝜆) will take another 

form. Moreover,(𝑏 − 𝐴(𝜔1
𝑜𝑝

) − 𝐴(𝜔2
𝑜𝑝

)) > 0 the 

minimization process ends. Otherwise, the function 

𝐿𝑜𝑝(𝜆) can still be minimized. For this, from relation 

(14) we find the next new number 𝑗∗ and the 

minimization process continues in the above manner. 

Note that after each selection of 𝑗∗ by formula (14), 

the coefficient (𝑏 − 𝐴(𝜔1
𝑜𝑝

) − 𝐴(𝜔2
𝑜𝑝

)) of the variable 

𝜆 increases. Obviously, after a finite number of steps, 

this coefficient becomes non-negative. And this means 

that the above minimization process is completed after 

a finite number of steps. 

Using this algorithm, we solve the following 

example: 

 

[1,1]𝑥1 + [2,4]𝑥2 + [1,6]𝑥3 + [3,8]𝑥4 + [1,3]𝑥5 + [1,2]𝑥6 + [3,4]𝑥7 + [2,5]𝑥8 → 𝑚𝑎𝑥 

[6,9]𝑥1 + [2,7]𝑥2 + [6,10]𝑥3 + [4,8]𝑥4 + [9,11]𝑥5 + [3,5]𝑥6 + [5,6]𝑥7 + [1,4]𝑥8 ≤ [10,20], 

0 1,  ( 1,8),   jx j  = 𝑥𝑗 = 0 ∨ 1, (𝑗 = 1,5). 

At the beginning we accept 𝜆 = 0. Then by formula (11) we obtain: 𝜔1
𝑜𝑝

= {1,2,3,4,5}, 𝜔2
𝑜𝑝

= {6,7,8} and 

accept 𝑏 = 20. 
Now, taking into account the above, the function 𝐿𝑜𝑝(𝜆) and 𝐿𝑝𝑒𝑠(𝜆) by the formula (10), takes the following 

form: 

𝐿𝑜𝑝(𝜆) = 22 + 11 + (20 − 27 − 9) ⋅ 𝜆 = 33 − 16𝜆. 
 

The value of the function 𝐿𝑜𝑝(𝜆) in 𝜆 = 0 of the function is equal to 𝐿𝑜𝑝(0) = 33Then 𝐶(𝜔1
𝑜𝑝) = 22, 

𝐶(𝜔2
𝑜𝑝) = 11, 𝐴(𝜔1

𝑜𝑝) = −27, 𝐴(𝜔2
𝑜𝑝) = −9, 𝑏 = 20. 

By the formula (14), we find the value for 𝜆. 

 

𝜆 = 𝑚𝑖𝑛
𝑗∈𝜔1

𝑜𝑝∪𝜔2
𝑜𝑝

{
1

6
;  

4

2
;  

6

6
;  

8

4
;  

3

9
;  

2

3
;  

4

5
;  

5

1
} =

1

6
.  

 

This value corresponds to the number𝑗∗ = 1, which is included in the set of 𝜔1
𝑜𝑝. Then 

𝜔1
𝑜𝑝 = {1,2,3,4,5}\{1} = {∗ ,2,3,4,5}, 𝐶(𝜔1

𝑜𝑝
) = 22 − 1 = 21, 𝐶(𝜔2

𝑜𝑝
) = 11, 𝐴(𝜔1

𝑜𝑝
) = −27 + 6 = −21, 

𝐴(𝜔2
𝑜𝑝

) = −9, 𝑏 = 20. Therefore, the function 𝐿𝑜𝑝(𝜆) takes the following form:  

𝐿𝑜𝑝(𝜆) = 21 + 11 + (20 − 21 − 9) ⋅ 𝜆 = 32 − 10𝜆. The value of this function at 𝜆 = 1/6 will be  

𝐿𝑜𝑝 (
1

6
) = 32 − 10 ⋅

1

6
= 30

2

3
. Since 𝜆 = −10 < 0, the minimization process continues. By the formula (14) we 

find the next value for 𝜆. 

𝜆 = 𝑚𝑖𝑛
𝑗∈𝜔1

𝑜𝑝∪𝜔2
𝑜𝑝

{∗; 
4

2
; 

6

6
; 

8

4
; 

3

9
; 

2

3
; 

4

5
; 

5

1
} =

1

3
. 

 

This corresponds to the number 𝑗∗ = 5, which is from 𝜔1
𝑜𝑝 i.e. 𝑗∗ ∈ 𝜔1

𝑜𝑝.  
Then 𝜔1

𝑜𝑝 = {∗; 2; 3; 4; 5}\{5} = {∗; 2; 3; 4;∗},  
𝐶(𝜔1

𝑜𝑝) = 21 − 3 = 18, 𝐶(𝜔2
𝑜𝑝) = 11, 𝐴(𝜔1

𝑜𝑝) = −21 + 9 = −12, 𝐴(𝜔2
𝑜𝑝) = −9, 𝑏 = 20. 

Thus, the function 𝐿𝑜𝑝(𝜆) takes the following form: 

 

𝐿𝑜𝑝(𝜆) = 18 + 11 + (20 − 12 − 9) ⋅ 𝜆 = 29 − 1 ⋅ 𝜆. In doing so,𝐿𝑜𝑝 (
1

3
) = 29 − 1 ⋅

1

3
= 28

2

3
. 

Since the coefficient 𝜆 is still negative, the minimization process is still ongoing. 

 

𝜆 = 𝑚𝑖𝑛
𝑗∈𝜔1

𝑜𝑝∪𝜔2
𝑜𝑝

{∗; 
4

2
; 

6

6
; 

8

4
; ∗;  

2

3
; 

4

5
; 

5

1
} =

2

3
. 

 

And this corresponds to the number 𝑗∗ = 6, which belong to 𝜔2
𝑜𝑝, i.e. 𝑗 ∈ 𝜔2

𝑜𝑝. Then 𝜔2
𝑜𝑝 = {6,7,8}{6}, 

𝐶(𝜔1
𝑜𝑝) = 21 − 3 = 18, 𝐶(𝜔2

𝑜𝑝) = 11 − 2 = 9, 𝐴(𝜔1
𝑜𝑝) = −21 + 9 = −12, 

 𝐴(𝜔2
𝑜𝑝) = −9 + 3 = −6, 𝑏 = 20.  

Consequently, 𝐿𝑜𝑝(𝜆) = 18 + 9 + (20 − 12 − 6) ⋅ 𝜆 = 27 + 2 ⋅ 𝜆.  

 

In this 𝐿𝑜𝑝 (
2

3
) = 27 + 2 ⋅

2

3
= 28

1

3
. Since the 

coefficient before 𝜆 has become positive, the 

minimization process is completed. 

𝑚𝑖𝑛
𝑗∈𝜔1

𝑜𝑝∪𝜔2
𝑜𝑝

𝐿𝑜𝑝(𝜆) = 28
1

3
. This means that for an 

optimistic problem 𝑓∗ ≤ 28
1

3
, i.e. the upper bound will 

be 28
1

3
. 

Let us prove the following theorem 3. 

Theorem 3. The minimum values of 𝐿𝑜𝑝(𝜆) and 

𝐿𝑝𝑒𝑠(𝜆) coincide with the maximum values of the 

objective functions of the optimistic and pessimistic 

conti-nuous problems (1) - (3), respectively. 

Proof. Let the following optimistic problem be 

considered: 

∑ 𝑐𝑗
𝑁
𝑗=1 𝑥𝑗 → 𝑚𝑎𝑥     (15) 
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∑ 𝒂𝒋
𝑵
𝒋=𝟏 𝒙𝒋 ≤ 𝒃,      (16) 

0 ≤ 𝑥𝑗 ≤ 1, (𝑗 = 1, 𝑁),  (17) 

 𝑥𝑗 = 1 ∨ 0, (𝑗 = 1, 𝑛;  𝑛 ≤ 𝑁).  (18) 

To determine the upper bound of the maximum 

value of the function (15) in the problem (15) - (18), 

generally continuous relaxation of problem (15) - (18) 

is solved. 

First of all, we note that, without loss of generality, 

we can assume that the coefficients of problems (15) - 

(16) are arranged in the following order: 

 
𝑐1

𝑎1

≥
𝑐2

𝑎2

≥ ⋯ ≥
𝑐𝑘

𝑎𝑘

≥ ⋯ ≥
𝑐𝑁

𝑎𝑁

. 

 

Then the optimal solution to problem (15) - (17) is 

determined analytically by the following formula for 

each 𝑗 , (𝑗 = 1,2, . . . , 𝑁).  
 

 𝑥𝑗 = {

 1, if 𝑎𝑗 ≤ 𝑏 − ∑ 𝑎𝑖𝑥𝑖 ,
𝑗−1
𝑖=1

(𝑏 − ∑ 𝑎𝑖𝑥𝑖)/𝑎𝑗 ,
𝑗−1
𝑖=1  if 𝑎𝑗 > 𝑏 − ∑ 𝑎𝑖𝑥𝑖 ,

𝑗−1
𝑖=1  (𝑘: = 𝑗),

 0, 𝑗 = 𝑘 + 1, 𝑁.

 (19) 

Moreover, the upper bound of the maximum value of the mixed- Boolean problem (15) - (18) will be 

 

𝑓
𝑜𝑝

= ∑ 𝑐𝑗

𝑁

𝑗=1

𝑥𝑗 . 

 

We write formula (19) in a slightly different way: 

Firstly, we accept 

𝑏: = 𝑏 − ∑ 𝑎𝑗 ,

𝑁

𝑗=1

 

where 𝑏 will be negative. We construct the solution 𝑋 = (𝑥1, 𝑥2, . . . , 𝑥𝑁) for each 𝑗, (𝑗 = 𝑁, 𝑁 − 1, 𝑁 − 2, . . . ,1) 

as follows: 

 

𝑥𝑗 = {

 0, if 𝑏 + ∑ 𝑎𝑖 < 0,𝑁
𝑖=𝑗

(𝑏 + ∑ 𝑎𝑖)/𝑎𝑗,𝑁
𝑖=𝑗  if (𝑏 + ∑ 𝑎𝑖) ≥ 0,𝑁

𝑖=𝑗  (𝑘: = 𝑗),

 1, 𝑗 = 𝑘 − 1, 𝑘 − 2, . . . ,1.

  (20) 

 

Obviously, the solutions 𝑋 obtained by formulas 

(19) - (20) coincide. On the other hand, according to 

formula (20), unknowns take zero values 

corresponding to the lowest value 𝑐𝑗/𝑎𝑗 consistently 

(𝑗 = 𝑁, 𝑁 − 1, 𝑁 − 2, . . . ,1). And this totally 

corresponds to the above minimization algorithm of the 

function 𝐿𝑜𝑝(𝜆). Thus, it is proved that 

𝑚𝑖𝑛 𝐿𝑜𝑝 (𝜆) = 𝑓
𝑜𝑝

= ∑ 𝑐𝑗 ⋅ 𝑥𝑗

𝑁

𝑗=1

 

. 
In a similar way, one can prove that 

𝑚𝑖𝑛 𝐿𝑝𝑒𝑠 (𝜆) = 𝑓
𝑝𝑒𝑠

= ∑ 𝑐𝑗 ⋅ 𝑥𝑗
𝑁
𝑗=1 . 

Thus, the theorem is proved. 

Corollary. This theorem directly shows that to find 

the upper bound of the optimistic and pessimistic 

problem (1)-(4), one should not use the linear 

programming apparatus, since the results of 

minimizing the functions 𝐿𝑜𝑝(𝜆) and 𝐿𝑝𝑒𝑠(𝜆) give the 

values of the upper bound that coincide with the values 

obtained by using the linear programming apparatus. 

4. Results of computational experiments. 

Since the minimum upper bounds of the optimistic 

and pessimistic problems found by the algorithms 

developed in this work coincide with the maximum 

value of the continuous problem (15) - (17), there is no 

need to conduct computational experiments. 

5. Conclusions. 

From the above, we can draw the following 

conclusions: 

−The majorizing function of one variable is 

constructed with respect to the maximum value of the 

objective function of the interval mixed-Boolean 

knapsack problem. 

−It is proved that this function is continuous, 

piecewise linear, non-differentiable and convex. These 

properties show that the constructed majorizing 

function has a unique minimum. 

−A special method such as steepest descent has 

been developed to minimize this function. 
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−It was proved that the minimum value of the 

constructed majorizing function coincide with the 

maximum value of the objective function of the 

corresponding continuous problem (1) - (3). 
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АННОТАЦИЯ  

Методами квантовой теории поля исследована система из одного реального фермиона, сильно 

взаимодействующего с векторным бозе-полем. Установлено, что основным состоянием такой системы в 

случае адиабатического приближения является состояние двух связанных волновых пакетов. Гармоники 

бозе-поля находятся в квантово-когерентных состояниях, а само бозе-поле содержит бозе-конденсат. 

Доказано, что бозе-конденсат, сопровождающий перемещение устойчивого адрона, является когерентной 

составляющей собственного поля адрона, а потенциал этого поля естественно оказывается потенциалом 

Юкавы. 

ABSTRACT 

This research carried out using quantum field theory methods investigates the system of one real fermion 

strongly interacting with vector bosonic field. It is shown that, in case of adiabatic approximation, the ground state 

of such system is a state of two coupled wave packets. The harmonics of Bose field turn out to be in quantum-

coherent states, while bosonic field itself contains a Bose condensate. This study proves that Bose condensate 
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