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ABSTRACT

This work considers the finding of an upper bound of maximum values of an objective function for an interval
mixed-Boolean knapsack problem. For this purpose, some majorizing function with one variable is constructed. It
is shown, that this function is piecewise linear, continuous, non-differentiable, and convex. Therefore, it has a
unique minimum. Thus, to minimize this function, a descent algorithm has been developed. It is proved that the
minimum values of an objective function of the interval mixed-Boolean problem coincide with maximum values
of continuous problem .

AHHOTALIUSA

B pabote paccMmaTpuBaeTCs HaXOXKIACHUAE BEPXHEH IpaHUIbl MAKCUMAJIBHOTO 3HAYCHUS ICJICBOU (PYHKIIUU
JUTsI MHTEpBAJIbHOM yacTUuHO-byneBoit 3amaun o panie. C 3ToH 1eNbl0 MOCTPOCHA HEKOTOpash MaXKOpUpYIoIas
¢bynkuus ¢ oxHoW mepemeHHoil. [lokasaHo, 4To 3Ta (YHKUMS KyCOYHO-JIMHEHHAas, HeNpephIBHAs,
HenugdepeHupyeMas u BeIykias. CienoBaTenbHO, UMEET CIUHCTBEHHBIH MUHUMYM. [losTOMy paszpaboTan
AJITOPUTM CITYCKa 111 MUHUMU3AUH 3TOM (1)YHKLII/II/I. I[OKaSaHO, 4YTO MMHHUMAJIbHBIC 3HAYCHUA I.[eJ'IeBOﬁ (1)YHI(I_[I/II/I
I/IHTepBaHBHOﬁ qaCanHo—ByneBoﬁ 3aa4u O paHIC COBHAAArOT ¢ MAKCHMaJbHbIMH 3HAYCHUSIMU HerepLIBHOﬁ

3aa4M.

Keywords: an interval mixed-Boolean knapsack problem, an upper bound, a majorizing function, a

minimization algorithm.

KutioueBble c10Ba: UHTEpBAJIbHAS YaCTHUHO-ByneBas 3aiaua o paHile, BEpXHAS TPaHUIla, MaKOPUPYIOIIas

(yHKIMS, aITOPUTM MUHUMHU3ALINH.

Introduction. The following interval mixed-
Boolean knapsack problem is considered:

Yioalcy gl + Xl ¢y cila — max 1)
Xialaj alx + Y onala, @y < [Q'E]' 2
0<x<1,(=1N), 3)
x=0V1,(j=1n),(1n<N). (4)

Here 0 < ¢; <¢;,0<a; <@, (j = 1,N),0 < b < b are given integers.

In other words, these problems are particular cases
of (1)-(4).

Note that problem (1) - (4) is more general than
the problems such as knapsack problem, the interval
knapsack problem, the linear programming problem
with one constraint, and the interval linear
programming problem with one constraint.

It should be noted that in [1-10] Boolean
programming problems with exact or inexact data were
investigated. In these papers, the problems of mixed-
Boolean programming, with the exception of [4, 6]
were not considered. In the above works algorithms of
approximate solutions, based on various concepts were
developed. And to assess the deviation of approximate
solutions from the optimal, the considered problem is
solved without the condition of integer variables, i.e. as
a linear programming problem. As a result, we obtain
the upper bound of the optimal value and thereby
evaluate the proximity of the approximate solution to

the optimal one. Obviously, since these problems are
included in the class of NP — complete, i.e. intractable,
such an approach for assessing deviations can lead to
certain difficulties associated with computer time,
finding the coordinates of solutions that should not be
found to assess proximity, or an amount of information.
In this paper we consider the problem of finding the
upper bound of the maximum value of the objective
function for the interval mixed-Boolean knapsack
problem. For this purpose, some majorizing function is
constructed and an algorithm for minimizing this
function has been developed.

Problem statement.

First of all, we note that problem (1) - (4) is
included in the class of NP-

complete. Therefore, in order to find an optimal
solution to a high-dimensional problem is almost
impossible. Therefore, some algorithms have been
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developed for the approximate solution of such or more
general problems [4, 6, 13].

Suppose that approximate solutions of the
problem (1) - (4) were found by some method and the
lower bound f of the optimal value f, was determined.

Since determining the value of f, is practically
impossible, then to investigate the proximity of f to f,,

it is necessary to know the upper bound of the optimal
value f..

Note that to determine the upper bound f, one can
solve the interval linear programming problem, i.e. not
taking into account condition (4), (see [9.10]).
However, this approach of determining the upper

bound £ would be inappropriate, as it is necessary to
determine the solutions X = (xq,x,,...,xy) and the

value f of the function (1) for this solution. Obviously,
to assess the proximity of f and f, we do not need the

solution X = (xq, x5, ..., xy) which to find is the main
problem of [10-12]. Therefore, in this paper, the
purpose is to develop a high-speed algorithm for
finding only the upper bound f.

3. Theoretical justification of the method.

Let £, is a value of the function (1) for an arbitrary
admissible solution X = (x4,x,,...,xy) including
optimal solution, i.e.

Yioalc gl + Xl e cln = £

We multiply both sides of relation (5) by (-1) and
constraints (2) by some parameter A = 0, respectively,
and add it in parts:

n
Z [a,a;]x; + Z [aja]x |- A— Z
j=1

j=n+1

From here we obtain

n N n

j=1

After some transformations we get:

f.<[bD] ,1+z [c;, T

j=

=mmw+§ﬁgm—
j=1

Thus,

f.<bbl- 2+ X%, (Ic;. 5]

-1 Z[a],a] x]+ Z [c],c]

=2 [a;,q]) % + X)onia([e), 6]

®)

N

[¢;, T )% — Z [¢;,T1x < [b,B]-A—f..

j=n+1

Z[gj,aj]xj+ Z la, @y | A+ [bb]A.

j=n+1 j=1

j=n+1

N

Z [a), aj]x;=
j= n+1 j=n+1
la;, a;] )x] Z ([C}'CJ a],aj])x]

j=n+1

—2-[a;,a@])x;. (6)

Obviously, for fixed 4 = 0, the right-hand sides of (6) are a linear function. Assuming x; = 1 for positive
coefficients, and x; = 0 for negative coefficients, we obtain the maximum value of the right-hand side of relation

(6).
Then

fSBBlA+ ) (g gl -2 [a @D + ) (5]

jEwy
or

£.< ) lepdl+ ) LGl + | LB - ) [a,@l - ) (a3

jEwq JEwW,

-4 [Qj'aj])'
JjEw2

Here sets w; and w, are defined by the following formulas:

w, ={1<j<n|[cq] -
w, ={n+1<j<N|[c,c]—

A=L(A)
jEwWy jEw2

laj, a;] - 4> 0}, )

laj, a;] - 4> 0} 8



Eepasutickuti Cor3 YueHbix (ECY) # 9 (66), 2019 51
Since this relation is true for any A4 = 0, then this will also be true for the minimizing parameter A > 0.
Thus,

f. < minL(A). 9)

This shows that to minimize the function L(4), it is necessary to consider this function in two versions, which
corresponds to the optimistic and pessimistic problem [see 4]. Then,

P < : op
£77 <= minl®P(4),

where

LOP(A) = Ziew(l)p E] + Z}’Ea)gp E] + (b - ZjEwip g} - Z]’Ewgp gj) <A

Here b € [b, b] is fixed and

(10)

w? ={1<j<nl|g—aj1>0}

wl =fn+1<j<N|g—aa>0}%L

Similarly, can be written

(11

f*pes < Tjgll‘pes(l)‘

where

LpeS(/‘l) = Z]’E(uf&s gj + ZjE(uIZ)es £} + (b — Zjewll)es a] — Z}.Ewges a}) A

Here b € [b, b] is fixed as well, and

(12)

wp” ={1<j<nlg -},

Wi ={n+1<j<N|c—aa.

(13)

Moreover, £.°? and £,P*® mean optimistic and pessimistic values of the objective function [4].

Thus, the following theorem 1 is proved:
Theoreml. The following inequalities are valid:

P « i J OD
£ = munl® (4),

and

f*pes < TjgleeS(A)_

First of all, it should be noted that the functions
L°P(A) and LP®S(A) are continuous, since the variable
A = 0 varies continuously. On the other hand, these
functions are piecewise linear, because they depend on
the sets w;”, wy", w**and w5, which, by changing
these sets, the direction of the lines change. Therefore,
they are non-differentiable. Thus, the following
Theorem 2 is proved.

Theorem 2. The functions L°P (1) and LP¢5(A) are
continuous, piecewise linear, non-differentiable and
CONVex.

Note that we skip over the proof of the convexity
of these functions, since they take up a large place.

From this theorem it follows that the functions
L°P(A) and LP®S(A) have unique minima, respectively.
As these functions are non-differentiable, then the
gradient methods for minimizing are not applicable.
Therefore, in this paper, we have developed an
algorithm for minimizing functions L°P (1) and LP¢5 (1)
by coordinate-wise descent. To submit the algorithm
for minimizing the function L°P(4) we write this
function in the following form:

LOP(2) = C(") + C(@;7) + (b = A(w;”)
—A(@;") - 2.

Here

C(wlop) = Zje(‘)gp E]J C(w;p) = Zan)gp E];
A7) = Bjeuor @y AW3") = 500 a5, b € [b,D]
and is fixed.

At the beginning of the minimization process we

accept A=0. Then @ ={L,2,....,n}, 0 =
{n+1,n+2,...,N}. Indoing so, the inequality (b —
A(w;?) — A(wyP)) <0 is true. To find a positive
value for A, it is necessary to take into account the
structure of the sets w;” and w,", i.e. for an optimistic
problem ¢ —a;-A2>0, (j=1n), ¢—a; 1>
0,j =n+1,N).

Fromhere A <¢;j/a;,(j = 1,N). Then, it is clear,
that it should be taken

A= m {ﬂ} = %t (14)
jewiPuwl? \&; aj,

Here, one should to take into account to which sets
doesj, belong. Therefore, we consider two cases:

If j, € w/?, then we accept w;?:= w;"\{.}-
Clw?) = C(@") =T, Alw;") = A(w]”) + g,

If j, € w)?, then we accept wy’:= wy’\{j.}-

C(wy") = C(w;7) — T, A(wy") = A(w;) + aj,.
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Therefore, the function L°P (1) will take another
form.  Moreover,(b — A(w;?) — A(w,?)) >0 the
minimization process ends. Otherwise, the function
L°P(A) can still be minimized. For this, from relation
(14) we find the next new number j, and the
minimization process continues in the above manner.

Note that after each selection of j, by formula (14),
the coefficient (b — A(w;") — A(w,")) of the variable

A increases. Obviously, after a finite number of steps,
this coefficient becomes non-negative. And this means
that the above minimization process is completed after
a finite number of steps.

Using this algorithm, we solve the following
example:

[1,1])xy + [2,4]x; + [1,6]x5 + [3,8]x4 + [1,3]x5 + [1,2]x6 + [3,4]x, + [2,5]xg = max
[6,9]x1 + [2,7]x, + [6,10]x5 + [4,8]x4 + [9,11]x5 + [3,5]x¢ + [5,6]x7 + [1,4]xg < [10,20],

0<x;<1, (j=18), x=0v1L( =1,5).
At the beginning we accept A = 0. Then by formula (11) we obtain: w;? = {1,2,3,4,5}, w," = {6,7,8} and

accept b = 20.

Now, taking into account the above, the function L°P (1) and LP¢%(A) by the formula (10), takes the following

form:

L°P(1) =22+ 11+ (20 — 27 —9) - 1 = 33 — 161

The value of the function L°P(1) in A = 0 of the function is equal to L°P?(0) = 33Then C(w,°?P) = 22,

C(0,°7) = 11, A(0,°P) = —27, A(w,°P) = —9, b = 20.

By the formula (14), we find the value for A.

1

1=

min {_4.6.832.4.5}_1
jE€w,°PUw,oP L6 2

=5

This value corresponds to the numberj, = 1, which is included in the set of w,°P. Then

;%P ={1,2,3,45}\{1} = {*,2,3,4,5}, C(w;¥) = 22 — 1 = 21, C(w;?) = 11, A(w;?) = =27 + 6 = =21,
A(w;") = =9, b = 20. Therefore, the function L°? (1) takes the following form:
L°P(1) =21+11+ (20 —21—-9) -1 =32 —10A. The value of this function at 1 = 1/6 will be

LeP (%) =32-10 % = 302. Since 4 = —10 < 0, the minimization process continues. By the formula (14) we

find the next value for A.
1=

, { 4 6 8 3 2 4 5} 1
,Lro683245 1
jewromer " 2°6°4°9°3° 50 1

3

This corresponds to the number j, = 5, which is from w,°? i.e. j, € w,°P.

Then w,°? = {*;2;3;4; 5]\{5} = {*; 2;3; 4;%},

C(w,°P) = 21 — 3 = 18,C(0,°) = 11, A(w,°P) = =21 + 9 = —12, A(w,°?) = —9,b = 20.

Thus, the function L°P (1) takes the following form:

LP() =18+11+ (20— 12-9)-A=29—1- 1 Indoing so,L? (1) =29 - 1-1 = 282
Since the coefficient A is still negative, the minimization process is still ongoing.

A=

*;

. min {
JEW1°PUw,OP

6 8 2 4 5} 2
Y g
’6, 4) 131 5’ 1

§.

And this corresponds to the number j, = 6, which belong to w,°?, i.e. j € w,°?. Then w,°? = {6,7,8}{6},
C(w°?) =21-3=18,C(w,°?) =11-2 =9,A(w,°?) = -21+9 = —-12,

A(w,°P) = =9 + 3 = —6,b = 20.

Consequently, L°?(1) =184+ 9+ (20—-12—-6) - A =27+2- A

In this L°P G) =27+42 -§= 28?. Since the
coefficient before A has become positive, the

minimization process is completed.
min _L°P(Q) = 281 This means that for an
JEw1°Puw,°P 3

optimistic problem f, < 28%, i.e. the upper bound will
be 282,

Y1¢x; » max

Let us prove the following theorem 3.

Theorem 3. The minimum values of L°?(4) and
LP¢(A) coincide with the maximum values of the
objective functions of the optimistic and pessimistic
conti-nuous problems (1) - (3), respectively.

Proof. Let the following optimistic problem be
considered:

(15)
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Z;'V:1 a;x; < b, (16)

0<x <1, (]'_=1,_N), (17)

x;=1Vv0,(j =1n; n<N). (18)

To determine the upper bound of the maximum
value of the function (15) in the problem (15) - (18),
generally continuous relaxation of problem (15) - (18)

First of all, we note that, without loss of generality,
we can assume that the coefficients of problems (15) -
(16) are arranged in the following order:

is solved.

C c c
a 4G 255

2|2

Then the optimal solution to problem (15) - (17) is
determined analytically by the following formula for
eachj,(=1.2,...,N).

Lifa; <b-YI_lax,
% =4 (b-X aX)/a, ife; >b— ¥ aX, (ki=)),
0,j=k+1,N.
Moreover, the upper bound of the maximum value of the mixed- Boolean problem (15) - (18) will be

(19)

We write formula (19) in a slightly different way:
Firstly, we accept

where b will be negative. We construct the solution X =

as follows:

0,ifb+ XX a; <0,
j =1 (b +XEiL;a)/a;, if (b + X @) 2 0, (k= ),
1,j=k-1k-2,

xXi =

Obviously, the solutions X obtained by formulas
(19) - (20) coincide. On the other hand, according to
formula  (20), unknowns take zero values
corresponding to the lowest value ¢;/a; consistently

(x1,%x5,...,xy) foreach j,j=N,N—1,N—-2,...,1)

(20)

vl

G=NN-1,N-2,...,1). And this totally
corresponds to the above minimization algorithm of the
function L°P (1). Thus, it is proved that

N
minL? (1) = f =ZE]--Y]-

In asimilar  way,one can
minLP () = f .. = XV ¢; - x5

Thus, the theorem is proved.

Corollary. This theorem directly shows that to find
the upper bound of the optimistic and pessimistic
problem (1)-(4), one should not use the linear
programming apparatus, since the results of
minimizing the functions L°? (1) and LP®(A) give the
values of the upper bound that coincide with the values
obtained by using the linear programming apparatus.

4. Results of computational experiments.

Since the minimum upper bounds of the optimistic
and pessimistic problems found by the algorithms
developed in this work coincide with the maximum

prove that

j=1

value of the continuous problem (15) - (17), there is no
need to conduct computational experiments.

5. Conclusions.

From the above, we can draw the following
conclusions:

—The majorizing function of one variable is
constructed with respect to the maximum value of the
objective function of the interval mixed-Boolean
knapsack problem.

—It is proved that this function is continuous,
piecewise linear, non-differentiable and convex. These
properties show that the constructed majorizing
function has a unique minimum.

—A special method such as steepest descent has
been developed to minimize this function.
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—It was proved that the minimum value of the
constructed majorizing function coincide with the
maximum value of the objective function of the
corresponding continuous problem (1) - (3).
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MeTomaMu KBAaHTOBOW TEOPHM MOJS MCCIEOBAaHA CHCTEMa W3 OJHOTO PEaJbHOro (pepMHOHA, CHIBHO

BBaHMOIIGﬁCTBYIOH_ICFO C BEKTOPHBIM 003€e-110JIEM. yCTaHOBHeHO, YTO OCHOBHBIM COCTOSTHHEM TaKOH CHCTEMBI B
ciy4dae azmaGaTquCIcoro l'IpI/I6J'lI/DKeHI/I$[ ABJIICTCA COCTOAHUE JIBYX CBA3AHHBIX BOJIHOBBIX ITAKETOB. rapMOHI/IKI/I
003€e-110JIst HaXoATCA B KBAHTOBO-KOTCPCHTHBIX COCTOAHHAX, a CaMO 003€e-110J1€ COICPIKUT 603C-KOHJIGHCS.T.
JloxazaHo, 4To 003e-KOHJEHCAT, COMPOBOXKAAIOIINN TIEpeMEeIeHUe YCTOWIUBOTO aIPOHA, SIBJISIETCS KOTepEHTHON
COCTaBHHIOHICI\/'I COOCTBEHHOI'O MOJISt aapoHa, a MOTCHIIUAJ 3TOTO IOJIA €CTECTBEHHO OKAa3bIBACTCA MOTCHIHUAIOM
IOxagsl.

ABSTRACT

This research carried out using quantum field theory methods investigates the system of one real fermion
strongly interacting with vector bosonic field. It is shown that, in case of adiabatic approximation, the ground state
of such system is a state of two coupled wave packets. The harmonics of Bose field turn out to be in quantum-
coherent states, while bosonic field itself contains a Bose condensate. This study proves that Bose condensate
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